ABSTRACT. The paper presents the results of simulation and study of mixture -oil, gas and water -flows in porous medium using three-phase, three dimensional "Black oil" model. For discretizing the system of mathematical equations, the finite volume difference met hod was used. To solve numerically the system of discretized equations the IMPES and iterative methods were chosen. The numerical results are compared wit h a number of analytical solution, experimental measurement and calculation results of t he other authors and they shown a good agreement. The model can be developed, adapted and used for study and simulation of mixture -oil, gas and water -flow in different experimental and real field conditions.
Introduction
The simulation is a good way to investigate many processes and phenomena in the nature and industry. In the petroleum indust ry t his method is applied intensively also (see, for example, Duong Ngoc Hai et al. , 1989 , 1992 Nigmatulin et al. 1991 ; Duong Ngoc Hai 1994 , 1996 , and etc. ).
The primary objective of the reservoir study is t o simulate the performance of reservoir and, based on this , predicting and possibly finding the ways and means for increasing ultimate oil recovery. The classical reservoir engineering deals with the reservoir based on gross average basis (tank model) and cannot take into account adequately the variations of reservoir and flui d characteristics in space and time. Reservoir simulation by computers allows more detailed study of reservoir by dividing it into a number of blocks and applying fund amental equations for fl.ow in porous media to each block (Bear 1987; Khalid 1979; Calvin 1990 ).
In the world, reservoir simulators are developed and used widely (CMG-Canada, Eclipse-USA, Athos-France ... ) and using the adequate simulator is a good way t o describe quantitatively the fl.ow of multiple phases in a homogeneous or het erogeneous oil-field having a production schedule determined not only by t he reservoir properties, but also by market demand , investment strategy, and government regulation.
Based on the most basic model of multiphase fl.ow in reservoir simulation, known as the black-oil model, and the essential technique for solving t he problem-IMPES method, the numerical model of three-phase, three-dimensional flow in porous medium is constructed and developed for simulation of different situation occurred in experiment and real oil-field conditions. The other techniques for treatment of nonlinearities, solving the matrix equation and improving the accuracy of numerical solution are described too.
Mathematical model

Fluid flow equation
It hypothetically proposes that the Darcy law may be extended to describe the simultaneous flow of more than one phase in porous media. In this case, to obtain the equations for determining phases saturation (Si ) and pressure (Pi), the mass conservation equations of phase with using Darcy law were rewritten in the following forms (see, for example, Aziz 1979; Calvin 1990) (2.1)
In many cases, the considered problems normally are non-isothermal and the model must have additionally the equations for heat transfer processes, and the properties of the medium and fluids should be the functions of pressure and temperature. However, in this paper, the reservoirs in the below presented test cases have constant temperature and they are considered as the isothermal problems.
The auxiliary relations
In addition to the differential equations (2.1)-(2.3) , certain auxiliary relations must be provided to close the mathematical model. They include (see, for example Calvin 1970): -In the system at any point, the sum of volumes occupied by three phases must be always equal the dynamic porous volume (PV) : More commonly, however, phase pressures are specified only at a reference depth, and to compute the initial distribution of phase pressures and saturations, the capillary pressure-saturations and pressure-density relationships are used in combination with the following ordinary differential equation:
Generally, the boundary conditions are used in hybrid form on the outer boundary of the reservoir:
The most important part of the boundary conditions is the specification of fluid injection and production intensities at the well:
12)
The system of equations (2.1)-(2.12) is closed and it can be used for simulating and studying the behavior of simultaneous fl.ow of oil, gas and water at different condition in porous media.
Numerical method
For solving numerically the system of mathematical equations (2.1)-(2.12), the method IMPES (IMplicit Pressure Explicit Saturation) is used. The basic idea of this method is to obtain a single pressure equation by combination of the equations (2.1)-(2.3). After the pressure has been advanced in time, the saturations are updated explicitly.
The finite-difference equations of (2.1)-(2.3) can be written in terms of p 0 and saturations as following :
3)
The basic assumption of the IMPES method is that the capillary pressure in the flow terms does not change over a time step (~tPc,ow = ~tPc,go = 0). Then the terms involving Pc,ow and Pc,go can be evaluated explicitly by using its values at the old time level and it leads to: ~tPo = ~tPw = ~tPg · For simplification, we can therefore denote Po by p .
Three equations (3.1)-(3.3) are combined in a way that all terms contained b..tSi disappear. This is achieved by multiplying the water equation (3.1) by A, gas equation (3.3) by Band adding all three received equations, then A and Bare found by setting the coefficient of the terms ~tSi ( i = w , g) to equal zero. After some arrangements, the equation for determining pressure has the form as follows:
(3.4)
Using the finite volume method (see, for example Patankar 1978) for the space differential operation and writing equation implicitly for pressure p at unknown level of time n + 1, we can obtain:
where T is a six-diagonal matrix, while D is a diagonal matrix. In this case the vector G includes gravity and capillary terms, P is a vector for pressures p of the blocks at time step n or n + 1, Q -vector for source term. After the pressures at the new time step are obtained, the saturations are explicitly updated by substituting the received results into (2.1) and (2.3) . When sr+ 1 are known, the new capillary pressures P~t~ and P~!J which a~e explicitly used at the next time step, are calculated.
Based on the system of basic equations with appropriate initial, boundary conditions and solution algorithm presented above, the numerical model (simulator) is designed and constructed for simulation and investigation of different situation occurred in experiment and real oil reservoir.
Case Study
One phase radial flow
This radial flow case is considered under certain assumption, namely: the formation is homogeneous and isotropic; the drainage is implemented by a fully penetrating well to ensure radial flow; the fluid itself must have a constant viscosity and a small and constant compressibility. In this case, the change of pressure in time and space can be obtained analytically (see, for example, Dake 1978) .
To verify the computational model and working capability of the numerical code, this problem is solved numerically with the following data and constrains (see· Table  1 ). For this problem, to compute the flow, the reservoir is divided into 101x101x1 blocks. The production well is located at the center of central block (51 , 51, 1). The comparison of the numerical results with analytical result ( 4.1) is shown in Fig. 1 . In this figure, the calculated pressures in each block are regarded as the pressures at the center of blocks and they are compared with the pressures from ( 4.1), in which the radius r are the distances from the well to the block centers. The pressure of the well block is not compared. The comparisons show a good agreement between numerical and analytical solutions. Fig. 2 -3 . The statement of this problem is following : Reservoir is homogeneous, horizontal, incompressible, zero-capillary pressure; the fluids -water and oil are incompressible; the reservoir is initially fully saturated by oil; the water is injected from one end of the sample and the fluids are produced from the other end of the sample with the same rate: l.OE-3m 3 / s. The data and constraints of the problem are shown in Table 2 . In Fig. 2 -the comparison between numerical and analytical solutions of saturation distribution of water in different time moment is presented. From Fig. 2 , it can be seen that the numerical solutions are in good agreement with B-L solution (4.2), except the region around the strong interrupted surface of the saturation. In the region around the saturation wave front -the strong interrupted front -the smoothness by numerical diffusion is clearly observed. From the figure it can be seen that in this case the saturation wave front is diffused and spread on several grids. To reduce this effect several authors propose to use t he self-adaptive finite difference method (see, for example, Douglas 1984; Todd 1971). It should be noted that, this kind of improvement can be used well in one dimensional cases but it will be difficult to apply for the multi-dimensional cases. • Cum. Pro. Wa18r(Num) .t. The comparison of water and oil cumulative production (in PV unit) between numerical solution and the B-L solution for ID-water injection problem
3D Gas Injection -SPEl Test Case
To verify and test the capability of the constructed simulator, the comparison of numerical solution of a three-dimensional black-oil reservoir problem with seven other simulators is made for the SPEl Test Case.
The statements of the problem are described in the SPEl Test Case (Aziz 1981) which can be resumed as follows:
Areal and cross-section views of the reservoir are presented in Fig. 4a and 4b. Pertinent data and constraints are given in Table 3 (In according to original paper of Aziz 1981 , in this case the field -american measurement units (psi, ft , and ect.) are used to compare with the results of the other authors). The PVT properties and relative permeabilities are given in a table form.
The following results are compared: Plot of: the pressures vs. time of the cells where the injector and producer are located (Fig. 5a and 5b) ; GOR vs. time (Fig. 6) ; Oil rate vs. time (Fig. 7) ;
Report at the end of 8th year of: Gas saturation distribution (Fig. 8) ; Cell pressures (Fig. 9) . In these figures , the results from presented in this paper model are marked by VCH. For this problem, gas has been used to inject into a reservoir contained oil and connate water. The gas phase has the compressibility and mobility greater than the similar characteristics of oil and water phases and therefore, in this case, the nonlinearity .of the problem is stronger than the case without the presence of gas phase in the reservoir. In consequent , the problem is very sensible and essentially depends on the method of solution, technique for treatment of non-linearities, convergence and etc. For this case, the solutions obtained from t he simulators are slightly different (see, Fig. 5-9 ).
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Dynamic Displacement Experiments
The fluids used in Grader and O'Meara (1988) experiments were water, benzyl alcohol (BA) and decane. The porous medium was composed of glass beads of size 50-70µm . Decane (µ = 0.932cp) was used in place of gas to reduce viscous fingering effects, and benzyl alcohol plays the role of oil phase. The viscosities of water and BA were 1.140 cp and 4.984 cp, respectively. The preparation of the sample was initiated by saturating the porous medium totally with water and then flooding it with oil until the irreducible water is reached. Uniform two phase saturation in the core was obtained by injecting a given fractional flow of oil and water to reach steady state. After that, the injection of gas ( decane) was started. Virnovsky (1984) and Grader and O'Meara (1988) extended the Welge/ JBN method of measurement of relative permeability of two phase cases for the three phases flow cases. The experiments were performed with different initial water and oil saturation.
Simulation of three-phase displacement experiment
For verifying the numerical simulation, the numerical model of three-phase filtration flow has been used to simulate the three-phase displacement experiment. All of the properties of reservoirs and fluid given in the experiment of Grader et al. are used and they are presented in Table 4 . The measured three-phase relative permeabilities of the phases are smooth by a fit polynomial of it's own saturation. The fit results are presented on Fig. 10 The phase saturation distributions along reservoir at different time moment are presented in Fig. 12 . From this figure, we can see the appearance and movement of two shock wave fronts of the saturation and it agrees with those obtained by characteristic analysis. This conduces to the creation of an oil bank in front of gas saturation front. This oil bank moves forward the production well and reaches it before the breakthrough of gas phase. And it leads to the sharp increase in oil recovery curve (see Fig. 11 b) . 
V. Conclusion
Based on the assumption of the extension of Darcy law for multiphase flow, the system of equations of three phase -water, oil and gas -flow in three dimension porous media is described. Using the IMPES method for solving numerically the mathematical equations, the algorithm is presented and the numerical program is realized.
The advantage of the IMPES method is simple in algorithm. The method is stable conditional, and has a limit in time step because of the explicit calculations of capillary pressure, phase saturation and of the non-linearities of obtained equations. Using the finite volume method for discretizing the differential equation guarantees the masse conservation in discrete form which is an important norm in solution of the fluid dynamic problems by numerical method.
For verifying the accuracy of the model and numerical method, the numerical code is used for solving the test cases and compared with analytical solution, numerical experimental measurement and results made by the other authors. The comparison shown a good agreement.
The program may be upgraded for research and applied purposes.
Acknowledgment
This paper is partly implemented with the financial support from the Vietnam National Council of Natural Sciences and the National Project on Electronic -Information -Communication (KC-01.07) .
Nomenclature
A 
